Magnetic nanoparticles (MNP's) have become increasingly important in heating applications such as hyperthermia treatment of cancer due to their ability to release heat when a remote external alternating magnetic field is applied. It has been shown that the heating capability of such particles varies significantly with the size of particles used. In this paper, we theoretically evaluate the heating capability of rod-shaped MNP's and identify conditions under which these particles display highest efficiency. For optimally sized monodisperse particles, the power generated by rod-shaped particles is found to be equal to that generated by spherical particles. However, for particles which have a dispersion in size, rod-shaped particles are found to be more effective in heating as a result of the greater spread in the power density distribution curve. Additionally, for rod-shaped particles, a dispersion in the radius of the particle contributes more to the reduction in loss power when compared to a dispersion in the length. We further identify the optimum size, i.e the radius and length of nanorods, given a bi-variate log-normal distribution of particle size in two dimensions.
Introduction
A fascination for the study of MNP's arose due to the potential benefits of their small size coupled with their intrinsic magnetic properties. The synthesis of a cobalt cluster of nanoparticles was first reported in 1995 [8] . Following this, several groups synthesized both isotropic [1] and anisotropic nanoparticles [2, 3] through a variety of methods. The magnetic properties of these particles have also been reported by a range of studies on MNP's and clusters [6] .
MNP's have been used in heating applications due to hysteresis and relaxational losses which lead to heat dissipation by these particles when present in suspensions [7] . It has been shown conclusively that under an alternating magnetic field MNP's possess the ability to produce intense heat around a small, localized region [24] . The localized heat generation produced by MNP's has gained considerable importance due to its utility in hyperthermia treatment of cancer [16, 15, 14, 13] . The temperature profile produced by such particles when present in tumours has been studied extensively through numerical and analytical techniques [12, 20, 21] .
Various studies have examined the role of particle size, material of synthesis, frequency and amplitude of the applied magnetic field on the effective loss power produced by the particles. [18, 19, 20, 9] It has been shown through analytical and experimental work that the size of MNP's critically affects the power generated by them [24, 25, 9] . For spherical MNP's, an optimum size has been found to exist for which the heat generation per unit volume (loss power density) of the nanoparticle is maximum. This occurs due to the parallel nature of the Neel and Brownian relaxation mechanisms of heat generation for nanosized superparamagnetic nanoparticles, where the Neel relaxation time increases with decrease in particle size and the Brownian relaxation time decreases with decrease in particle size [11, 4, 27] . The use of anisotropic particles for hyperthermia application has been limited by the suggestion that a high magnetic field is necessary to completely utilize the magnetic hysterisis loop of such particles [4] . However, such hysterisis heat loss is expected only for larger sized nanorods, and relaxational losses are expected for nanorods in a smaller size range. In this paper, we focus our attention on rod-shaped particles where the loss power would be determined primarily through relaxational losses. This analysis is based on experimental work on the heating effects of anisotropic nanoparticles which highlights a potential use of such particles in hyperthermia treatment [25, 10, 5] . Further, we extend the theoretical understanding of heat generation to anisotropic MNP's and show that the maximum power density produced by optimally sized monodisperse rod-shaped and sphericalshaped nanoparticles is equal. Additionally, we find that when these particles are present with a similar distribution in size, the power generated by nanorods is dramatically enhanced when compared to that by spherical particles. The larger heat generation by rod-shaped particles compared to spherical particles when both are present as a distribution in a solution presents a potential advantage for the use of rod-shaped MNP's in hyperthermia treatment by reducing the dosage of material necessary. We further propose that this enhancement of heat generation in nanorods can be used as a measure to predict the size distribution of magnetic particles present in a solution, in addition to providing a crude estimate of any shape defects of particles present in a solution.
General Formulation

Heat Generation through Relaxational Losses
In our study, we focus our attention on the heat generated by nanoparticles through relaxational losses and ignore the losses due to hysteresis. For small sized nanoparticles, heat loss is governed mainly by two relaxation mechanisms : the Neel relaxation mechanism and the Brownian relaxation mechanism. Neel relaxation occurs due to flipping of the orientation of the domain magnetic moment of nanoparticles with respect to the external field in a finite time, known as the Neel relaxation time (τ n ). In the Brownian relaxation mechanism, heat is generated by the rotation of the entire particle in the magnetic field, through Brownian rotation of particles.
The mean time for a finite rotation of the particle is known as the Brownian relaxation time (τ b ). Heat loss through Neel relaxation cycles are predominant for smaller sized nanoparticles while Brownian relaxational cycles are favoured by larger sized nanoparticles. For MNP's, the heat generated through these two mechanisms occurs in a parallel manner, since any isolated nanoparticle can follow either of two modes of heat loss in a finite duration of time. Therefore, the overall time constant for heat generation is given by [4] :
Here τ 0 is the characteristic relaxation time and Γ = KV m /k b T is a measure of the anisotropic energy of these particles when compared to their thermal energy. k b is the fundamental Boltzmann constant, T is the temperature of the solution and K is the anisotropy constant of the particles, the effect of which is studied later in the section.
The Brownian relaxation time (τ b ) is directly proportional to the viscosity (η) of the medium and thus for highly viscous media, nanoparticles take a longer time to rotate physically. For colloidal particles the diffusivity (D r ) is given by
where f r is the friction factor of the colloidal system.
In our case, the corresponding friction factor of interest is that due to the Brownian rotation of the colloidal nanoparticle system. Rod-shaped particles have been modelled as prolate ellipsoids, and the friction factor corresponding to axial rotation of particles is only considered due to lower moment of inertia associated with such a rotation compared to that around the perpendicular axis. We define a dimensionless friction factor as F r = fr 8πηR 3 e . For spherical particles, F r = 1 and R e is the radius of the sphere. For rod-shaped nanoparticles [28] ,
Here,q = 1/a where a is the aspect ratio of the rod-shaped particle, which is defined as the ratio of the diameter of the ellipsoid (2r) to the length of the ellipsoid (l). Similar expressions described in [28] can be used to determine the translational friction factor as well as the rotation friction factor about the perpendicular axis.
Based on these expressions developed, the overall heat generation due to magnetic hysteresis is given by [4] :
Here P is the power generated per unit volume of the nanoparticle, µ 0 is the magnetic permeability of free space, χ 0 is the magnetic susceptibility of the material, H 0 is the magnitude of the applied field strength, f is the frequency of magnetic oscillations and τ is the mean relaxation time for the process. From Equation 6, it is clear that when f τ 1, the power generated by the particles varies linearly with the external frequency of oscillations. When f τ 1, the power generated by the particles tends to 0. It is also evident from the expressions, that the maximum power generated by the nanoparticles occures when f = 1 τ . The magnetic susceptibility of a nanoparticle (χ 0 ) is given by :
Here φ is the volume fraction of the particles in the solution, M d is the domain magnetization of the particles.
where H is the magnetic field which has been externally applied on the system. From these expressions, it is evident that the heat generated by MNP's present in a solution is volumetric in nature, and shape affects both the anisotropic constant (K) for the system and the brownian relaxation time, albeit to a lesser degree.
Expressions derived above, for calculating the heat loss by spherical nanoparticles have been well studied [6] . For rod-shaped particles, the effect of increased anisotropy of the particles is modelled by modifying the anisotropy constant (K) of the particles present in the solution. For spherical particles, the anisotropic constant of the system is solely determined by the effect of various crystal plane orientations on the magnetic polarisability in each planar direction, which is known as the magneto-crystalline anisotropy constant, denoted by K mag . For rod-shaped particles, in addition to the magneto-crystalline anisotropy constant, a shape anisotropy also exists due to the non symmetric nature of rod-shaped particles, denoted by K shape . The effect of both these anisotropy constants is taken in a cumulative manner to determine the overall anisotropy constant for rod-shaped particles, denoted by K overall . Thus for rod-shaped particles,
The experimental study of heat generation by spherical particles can allow us to determine the magneto-crystalline anisotropy constant of the material. This contribution is assumed to be identical for both spherical and rod-shaped particles of the same material. Due to the symmetrical nature of spherical particles, the contribution of shape to the anisotropy constant for such particles is 0. Based on the theory developed in Cullity,et al.
[23], the shape anisotropy for rod-shaped particles can be estimated by approximating them as prolate spheroids, and is given by :
Here, N a and N c represent the demagnetization constants for the rod-shaped particles and are functions of the aspect ratio (a). Rod-shaped particles are again modelled as prolate spheroids, and the demagnetization along the two directions is given by [23] :
Based on these expressions, the value of K shape for rod-shaped particles can be evaluated.
The corresponding loss power for both spherical and rod-shaped nanoparticles is calculated and compared in section 3.
Distribution of Particle Sizes
Synthesis of nanoparticles often results in a distribution of particle with varying sizes being present in the solution. A non-uniform distribution of particles can affect the power generated by the solution, since the loss power density function is strongly dependent on the size of the particles present in the solution. In our paper, we report the standard deviation in the particle radius as a fraction of the mean particle radius and similarly the standard deviation in the length Tab. 1: of the particle as a fraction of the mean particle length. A log-normal distribution of particle size is assumed based on previous experimental and theoretical work [4] . The probability density function representing the fraction of rod-shaped particles, with a given radius and aspect ratio, is given by :
Here, µ r is the mean radius of the particle, µ l is the mean length of the particles, σ r is the standard deviation in the radius of the particle and σ l is the standard deviation in the length of the particles. For the case of spherical particles, the probability density function representing the fraction of particles with a given radius is given by :
For such a distribution of particles, the power generated per unit volume varies based on the size and shape of individual nanoparticles present in the system. In general, if the power generated per unit volume of a particle is represented by P (n), where n represnts the number of particles in a solution with a particular dimension, the average power delivered to the solution by a distribution of particles of various sizes is given by :
For the purposes of our discussion, we will use reported values of the fundamental properties of F e 3 O 4 given in Table 1 throughout the following section, to illustrate the key findings of our analysis [4] . The table also shows the assumed heating conditions used in the simulation.
Additionally, the results presented are independent of the concentration of nanoparticles in the solution, and the loss power of the solution is known to scale linearly with the concentration of particles in the system.
Results and Discussion
Using expressions 1-6 developed in the previous section, the power generated by monodisperse particles can be calculated by assuming K shape = 0 for spherical particles and by calculating K shape for rod-shaped particles for a given aspect ratio using equations 8 and 9. Further, the loss power of spherical particles present with a size distribution was compared to both that of rod-shaped particles with a distribution in the radius and a fixed particle length as well as rodshaped particles with a distribution in both radius and length. This comparision is illustrated in Figure 1 . We find that while monodisperse rods and spheres have the same value of maximum power output, rod-shaped particles have the propensity to generate greater power when both the particles have the same distribution in the particle radius. In addition to this, we see that a shift in the position of the maxima also occurs for particles which are distributed. A higher maximum loss power density for rod-shaped particles with a distribution occurs because the peak for monodisperse rod-shaped particles is broader as compared to that of spherical particles. As a result for rod-shaped particles present with a size distribution, there is a greater contribution to the average loss power density from particles with dimensions close to that present at the maxima. Additionally, the effect of a variation in the length of rod-shaped particles is found to be negligible compared to the effect of a variation in particle radius, on the overall loss power density. The effect of a distribution in length is further illustrated in figure 2 , where we study the effect of a distribution in the length of nanorods on the power generation term for particles with a fixed radius. We find that the effect of a variation in the length of nanorods on the power generation term only marginally decreases the loss power density of the particles. Since the effect of a variation in the length of nanorods on the overall power generated is small, we focus our study on the effect of a variation in the particle radius of nanorods when compared to spherical particles. The enhancement in the power generated is defined as the ratio of the maximum power generated by dispersed rod-shaped particles to that generated by dispersed spherical particles. In figure 3 , the enhancement in power generation, along with the relative peak position distance for rod-shaped and spherical-shaped nanoparticles is shown, for varying variance in the particle radius. A saturation in the enhancement of power generation occurs for large standard deviations, which is replicated for particles of varying fixed lengths.
This saturation occurs due to the marginal contribution to the overall power by an increasing number of particles in the fringes, as the deviation in radius increases. A shift in the peak position (position at which the maximum power generation density is observed) of rod shaped particles occurs with respect to spherical particles occurs, and it has been found that the peaks shift closer for larger standard deviations in the particle size.
We further investigate the fractional contribution of K shape to the overall anisotropic constant for varying aspect ratios in figure 4. As described by equations 8 and 9, K shape depends only on the aspect ratio of particles present in the system. We see that the shape contribution to the overall anisotropic constant saturates when particles with large aspect ratios are present. In figure 4 , we further illustrate the variation of the fractional contribution of K shape to the overall anisotropic constant for increasing values of the saturation magnetization of the suspension.
For larger values of the saturation magnetization, a saturation in the fractional contribution of K shape to the overall anisotropy constant occurs. We note that an addition of a small degree of anisotropy to particles alters the anisotropy constant quite significantly, thus implying that even a small degree of anisotropy can help in reducing the impact of a distribution on the loss power density for spherical particles. The optimum size map for rod-shaped particles which have a bi-variate distribution in the length as well as the radius is also plotted. This result portrays a realistic case for rod-shaped particles since it represents a distribution in both the dimensions of the rod. Figure 5 shows the power generated based on a bivariate distribution in the particle size for varying deviations in both dimensions. The figure gives us a representative map of the power generated for a range of particle radius and length. We find that varying the deviation in the length of the particle does not alter the contour plot, since its effect on the power generation term is small. Additionally, there exists a region of high power density, for a given set of distribution parameters for the system. This region of high density represents the ideal dimensions for rod-shaped nanoparticles which should be used for hyperthermia treatment. These plots can be constructed for MNP's of any material, given the magnetic properties of the material as shown in table 1, and the expected deviation in both dimensions which is based on deviation known to be produced through a given synthesis route. This method would enable us to design anisotropic nanoparticles with specific dimensions in order to obtain a high power density. It further allows us to characterize the distribution of nanoparticles given the mean radius and length of the synthesized particles.
From figure 5 , we see that particles with a smaller radius and a larger length are suitable for generation of a high power density. We further note that these maps could potentially be used to identify the distribution of nanoparticles in a solution with a known loss power density.
Conclusion
In this paper, the role of anisotropic rod-shaped particles in heat generation for application in magnetic hyperthermia has been studied. It has been shown that monodisperse rod-shaped particles have the same maximum power generation as monodisperse spherical particles despite the greater magnetic anisotropic energy of rod-shaped particles. However, the additional anisotropy present in rod-shaped particles increases the spread of the power distribution curve. As a result, for MNP's with a distribution, we find that the loss power density generated by rod-shaped particles is greater than that generated by spherical particles with the same deviation in size.
Additionally, we have shown that for rod-shaped particles with a bi-variate distribution, an optimum region of maximum power density exists. Such knowledge can help us design optimally sized nanorods for heating applications given the distribution parameters which arise due to the chosen method of synthesis. It can also help us determine the distribution parameters of a system if the loss power density function is known.
